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Abstract—Discounted costs are ubiquitous in fields like approx-
imate dynamic programming and reinforcement learning, which
provide a variety of efficient algorithms to construct near-optimal
inputs for nonlinear discrete-time systems. The related literature
concentrates on optimality and largely ignores the stability and
robustness issue. In this context, we analyse the stability of
nonlinear discrete-time systems whose inputs are generated by an
algorithm that minimizes a discounted finite-horizon cost, as it
appears to be the case for many optimization techniques including
value iteration for instance. Assumptions are made related on
the stabilizability of the system and its detectability with respect
to the stage cost. Then, a Lyapunov function for the closed-
loop system is constructed and a uniform semiglobal stability
property is ensured, where the adjustable parameters are both
the discount factor and the horizon length. Stronger stability
properties such as global exponential stability are also provided
by strengthening the initial assumptions. We give bounds on the
discount factor and the horizon length under which stability holds
and we show on examples that these are less conservative than the
bounds of the literature for discounted infinite-horizon cost and
undiscounted finite-horizon costs, respectively. In addition, we
provide new relationships between the optimal value functions of
the discounted, undiscounted, infinite-horizon and finite-horizon
costs respectively, which appear to be very different from those
available in the approximate dynamic programming literature.
These relationships rely on assumptions that are more likely to be
satisfied in a control context. Finally, we investigate stability when
only a near-optimal sequence of inputs for the discounted finite-
horizon cost is available, covering approximate value iteration as
a particular case.

I. INTRODUCTION

Various algorithms used in approximated dynamic program-
ming generate near-optimal control inputs for nonlinear discrete-
time systems, see e.g., [5], [12], [18], [23], [25]. In most cases,
the cost is discounted in the sense that the stage cost is weighted
by a time-varying decaying term v* where v € (0,1) and k is
the discrete time. This choice is made to obtain a contraction
property of the cost brought by the discount factor ~, which
is the cornerstone of numerous studies. Discounted costs can
also be justifiesd by the considered context. In economics for
instance, v* may represents the depreciation of the cost paid
in the future due to inflation. The techniques available in the
aforementioned references largely concentrate on optimality,
eluding stability while the latter is of primary importance
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in control engineering. The few works addressing stability
often consider specific settings or algorithms, see e.g. [1], [3],
[22]. Analyzing stability in this context is challenging, mostly
because of the discount factor v € (0,1), which makes the
discounted stage cost go to zero as time grows. The recent work
in [20] provides results on the stability of nonlinear discrete-
time systems controlled by an optimal sequence of inputs,
which minimizes an infinite-horizon discounted cost. When the
sequence of inputs is only near-optimal, results are also given
in [20] but these are not applicable to most algorithms because
the near-optimality bound is required to be uniform with respect
to v, which is not the case in general. For instance, the usual
bounds for both value iteration [18] and policy iteration [16],
[17] include terms that are linear in ﬁ These algorithms
sit at the core of the approximate dynamic programming and
reinforcement learning fields [2], [23], [26]. There is therefore
a need for tools to analyse stability of nonlinear discrete-
time systems controlled by near-optimal sequences of inputs,
for infinite-horizon discounted costs, thus building a bridge
between techniques from approximate dynamic programming
and reinforcement learning on the one hand, and control on
the other.

A closer look at value iteration reveals an important reason
for the 1 —  factor: the algorithm stops after d iterations,
estimating a value corresponding to the sum of d stage costs.
Then, it accepts an error of the form 17% to cover the remaining
stage costs up to the infinite horizon. This holds even when
the solution is exactly represented. In fact, even though it
aims for the infinite-horizon solution, when initialized with
zero values and stopped after a number of iterations, the
algorithm actually provides a horizon-d optimal solution. This
feature is shared by other methods that work similarly, such
as optimistic planning [12]. In this context, the main objective
of this paper is to provide stability results for (near)-optimal
finite-horizon discounted costs, when the system is nonlinear.
We are not aware of such results in the literature. The works
in [8], [9], [24] propose generic conditions when the cost
is finite-horizon but undiscounted, while [20] (and recently
[6]) focuses on the case where the horizon is infinite and
the stage cost is discounted, as already mentioned. In [19],
the authors investigate dissipativity properties of finite-horizon
discounted costs, but not stability. The fact that the cost is
finite-horizon and involves a discount factor leads to major
technical difficulties in the stability analysis. Indeed, there is
an intricate interaction between the horizon and the discount
factor, and stating a precise relationship under which stability
holds is non-trivial. In other words, we cannot simply combine



the results of [8] and [20] to obtain the desired result: a new
stability analysis is needed.

We assume that the inputs are computed in a receding-
horizon fashion, as in model predictive control. This would
correspond to applying the first element of the input sequence
obtained after d iterations of the value iteration algorithm as
state feedback. We start with essentially the same assumptions
as in [8], [20], namely that the plant is stabilizable and the
stage cost is detectable. As in [8], we use a generic measure
o to define stability, thus covering the stability of the origin
or of more general sets in a unified way. We then present
a new Lyapunov analysis, which allows us to prove that the
closed-loop system satisfies a semiglobal practical stability
property provided the horizon length d and the discount factor
v are sufficiently large and sufficiently close to 1, respectively.
Stronger stability properties are then provided by strengthening
the assumptions, and explicit bounds on v and d are given.
The Lyapunov function used to prove stability is continuous
under mild assumptions, ensuring the robustness of the stability
property according to [15]. It appears that the presented
Lyapunov analysis differs from those in [8], [20] even when
v =1 and d = oo, respectively. This allows us to derive new
bounds on +y or d, according to the considered scenario, which
may be less conservative than those in [8], [20] as shown on
several examples in the preliminary version of this work [7];
this constitutes an additional contribution of the paper.

While the general primary goal of this work is to make opti-
mization techniques used in approximate dynamic programming
amenable to control in the sense that stability is ensured, our
assumptions also allows improving the performance analysis
currently available in the corresponding literature, which is
of major interest. As explained above, the minimization of
the discounted finite-horizon cost is done to approximately
optimize the original discounted infinite-horizon cost. The
bounds on the difference between these two costs provids:d
in approximate dynamic programming are of the form %,
see [2]. We provide very different bounds here, which have
the next key features: (i) they do not explode to infinity as
~v tends to 1; (ii) they are small when so is o(z), where x is
the plant initial condition and o the measure we use to state
stability. Furthermore, these bounds do not require the stage
cost to take value in [0, 1], as in [2]. We believe that there
is an important message here. Related results are derived in
[10] for undiscounted costs. Beside the fact that we allow the
cost to be discounted here, we rely on different assumptions
compared to [10], which leads to different bounds.

Finally, we study the scenario where the sequence of inputs
is only near-optimal. The assumption we make on the inputs
covers those generated by approximate value iteration as a
particular case. We then adapt the arguments used before
to ensure the stability of the closed-loop system, still in a
semiglobal and practical sense. Compared to the related results
of the literature, [11] in particular: (i) we study stability of a
generic closed set, and not only of the origin; (ii) we do not
need the explicit knowledge of a globally stabilizing policy;
(iii)) we address discounted costs; (iv) the stage cost is not
necessarily quadratic.

Compared to the preliminary version of this work in [7], the

completely novel elements are: the performance analysis, i.e.
the relationship between the discounted finite-horizon cost and
the infinite-horizon one, and the case of near-optimal inputs.
Additionally, we provide conditions for semiglobal asymptotic
stability as well as the full proofs of the results.

The rest of the paper is organized as follows. The problem

is formally stated in Section II. The main results are given
in Section III. The relationships between the optimal value
functions of the discounted/undiscounted, finite/infinite-horizon
costs are provided in Section IV. In Section V, we investigate
the case where the sequence of inputs is near-optimal. The
proofs are presented in Section VI and conclusions are given
in Section VII. The appendix contains technical results needed
in the main proofs.
Notation. Let R := (—o00,00), R>¢ = [0,00), Z>¢ =
{0,1,2,...} and Zs¢ := {1,2,...}. We use (x,y) to denote
[T, yT]T, where (x,y) € R® x R™ and n,m € Zsg. A
function x : R>¢p — Ry is of class K if it is continuous,
zero at zero and strictly increasing, and it is of class K
if it is of class K and unbounded. A continuous function
B Rso x R>g — Ryq is of class L when (-, t) is of
class K for any ¢ > 0 and f(s,-) is decreasing to O for
any s > 0. The notation I stands for the identity map from
R>¢ to R>g. For any sequence u = [ug,u1,...]| of length
d € Z>o U {oo} where u; € R™, i € {0,...,d}, and any
k €{0,...,d}, we use ul; to denote the first k& elements of
u, i.e. ulp = [ug,...,ur—1] and ulp = @ by convention. Let
f : R—=R, weuse f*) for the composition of function f
to itself k times, where k € Z>¢, and f(o) = 1. We use |-|
to denote the floor function. The Euclidean norm of a vector
x € R™ is denoted by |z]|.

II. PROBLEM STATEMENT

Consider the system
(D

with state z € R”, input v € U(z) C R™, where U(x)
is the nonempty set of admissible inputs for state x, and
f W — R"™ where W = {(z,u) : z € R"u €
U(z)}. We use ¢(k, z,u|) to denote the solution to system
(1) at time k € Z>o with initial condition = and inputs
ul|p = [uo,u1,...,ux—1], with the convention ¢(0,z, ) =
$(0,x,9) = x.
We study discounted finite-horizon costs of the form

Try1 = f(@r, ur),

d
Jya(z,w) =Y YUk, 2, ulk), ur) )
k=0

where x € R”, u is a sequence of d + 1 admissible inputs,
¢:W — Rsg, v € (0,1] is the discount factor and d €
Z~o U {0} is the horizon.

We assume that for any + € R", v € (0,1] and d €
Z~o U {oo}, there is a sequence w that minimizes cost (2), as
formalized next.

Standing Assumption (SA): For any x € R", v € (0,1] and
d € Zso U {0}, there exists a sequence of d + 1 admissible



inputs ufy (), called optimal input sequence, which minimizes
(2), i.e.

3)

Ty, o)) = min T, oo, w) = Vi a(a),

where V,, 4 is the optimal cost function. U

Conditions to ensure the satisfaction of SA can be found
in [14]. According to SA, for any z € R", v € (0,1] and
d € Z~o U {0}, the set below is non-empty

.,uqg € R™ admissible such that

- Ual)}-

3 a(m) = {uo : 3uy, ..
V’y,d(x) = J’y,d(xv [UO; ..
“4)

Note that U/ 4(x) may be a set with multiple elements because
the optimal sequence may be non-unique for given x, v and d.

We consider the scenario where system (1) is controlled in a
receding horizon fashion in the sense that, at each time instant
k € Z>y, the first element of the optimal sequence ufy a(@r),
which may be non-unique, is applied to system (1). This leads
to the difference inclusion

Try1 € flog, Uy g(zk)) =: F5 4(78), (5)

where f(z,UJ 4(z)) is the set {f(z,u) : u € U 4(x)}. We
denote by ¢(k,x), with some abuse of notation, a solution to
(5) at time k € Z>( with initial condition x € R".

Our main objective is to analyse the stability and robustness
of system (5) using Lyapunov-based arguments. In particular,
we want to investigate the influence of the cost parameters ~ and
d on stability. To this end, we make the following assumptions,
inspired by [8], on the stabilizability and detectability of system
(1) and cost function (2).

Assumption 1: There exist ay,awy € Ko, continuous
functions W, o : R® — R>g, aw : R>g — R>( continuous,
non-decreasing and zero at zero, such that the following
conditions hold.

(i) For any x € R", v € (0,1] and d € Z~¢ U {0},

Vy,a(z) < v (o(z)). (6)
(ii) For any z € R", u € U(x),
W(z) <aw(o(x)) @)
W(f(x,u)) = W(z) < —aw(o(z)) + L(z,u). ()
|

Function ¢ in Assumption 1 serves as a measure of the state
and will be used to define stability. When investigating the
stability of the origin for instance, we typically take o(x) = |z|,
o(x) = |z|%, or o(x) = 2T Pr with P a real symmetric,
positive definite matrix, for any = € R™. When interested in
stability of a set A C R™, o can be defined as 0 = |- |4
for instance, where |z|4 = inf{|z — z| : z € A} for any
x € R™. Item (i) of Assumption 1 is related to the asymptotic
controllability (stabilizability) of system (1) with respect to o,
see for more detail Section III in [8] and Lemma 1 in [20]. Item
(ii) of Assumption 1 is a detectability property of the stage
cost ¢ with respect to o. To see this, consider the particular
case where W = 0 so that (8) reduces to ayy (o(x)) < €(z,u).
Thus, when ¢(z,u) =0, o(xz) = 0 since ay € K.

Remark 1: A more general detectability assumption is made
in [8], [20], namely W (f(z,u)) — W(z) < —aw(o(x)) +
x(¢(z,u)) where x € K, instead of (8). It is possible
to obtain stability results in this case, at the price of more
technicalities. We have not addressed this case in the paper
to not compromise the clarity of our main results with the
technicalities involved in deriving this more general case. [

Remark 2: Throughout the text, we assume I — oy o (@y +
aW)—l € K. This is without loss of generality, as, if it is not
the case, we can always upper-bound I — ayy o (ay + aw) !
by I — &, which is of class K, for some suitable a € K,
according to Lemma B.1 in [13]. This substitution is enough
for the forthcoming stability analysis. ]

III. STABILITY RESULTS

A. Lyapunov Properties

The satisfaction of Assumption 1 allows us to derive the
following Lyapunov properties, that we use to derive the main
stability result for system (5) afterwards.

Theorem 1: Suppose Assumption 1 holds. There exist
Qy, Ay, ay € Ko and, for any v € (0,1] and d € Z~oU{o0},
there exists Y, 4 : R" — R such that the following holds.

(1) For any = € R"™,

oy (r(2) < Yyale) < av(o(e). O
(i) For any z € R", v € F;,d(az),
Vo) = Yyale) < i(—ay<a<x>>+r<n,d<x>,v,(cﬁ)))

where T : R>g x (0,1] X (Zso U {o0}) = Rxg is
defined in Table I, and is such that, for any s > 0,
T(s,7,d) — 0 when v — 1 and d — oc. O

Function Y, 4 plays the role of a Lyapunov function in
Theorem 1, and its expression as well as the expressions of
oy, oy, ay are given in Table I. Item (i) states that it is
positive definite and radially unbounded with respect to the set
{z : o(x) = 0}, uniformly in v and d. Item (ii) of Theorem
1 shows that Y, 4 strictly decreases along the solutions to (5)
up to a perturbative term Y, which can be made as small as
desired by selecting ~ close to 1 and d big. We stress that
has to be selected close to 1 and d has to be large in order for
T to be small in (10), which is consistent with previous works
on discounted infinite-horizon control [20] and undiscounted
finite-horizon control [8] where a similar Lyapunov inequality
is given. Theorem 1 is actually a generalization of Theorem 1
in [8] to discounted cost and of Theorem 1 in [20] to finite-
horizon. The perturbative term Y differs from the corresponding
one in (5) in [8] when v = 1, and from the one in item (b)
of Theorem 1 in [20] when d = oo, because of the way the
Lyapunov analysis is carried out in the proof of Theorem 1,
see Section VI. The new analysis we propose is motivated by
the fact that it leads to different bounds, on d (and +y) under
which stability is preserved. This is discussed in more detail
in Section III-D.



B. Main Result

We are ready to state the main stability result.

Theorem 2: Consider system (5) and suppose Assumption 1
holds. There exists 8 € KL such that for any §, A > 0, there
exist v* € (0,1) and d* € Z~¢ such that for any v € (y*,1],

de (d*,00], x € {z € R" : 0(z) < A}, any solution ¢(-, )
to system (5) satisfies, for all k£ € Zx

o(¢(k,z)) < max{B(c(x),k),d}. (11)

(]

Theorem 2 ensures a semiglobal practical stability property,
i.e. given any set of initial conditions of the form {z € R™ :
o(z) < A} where A > 0, and any (arbitrarily small) §, we
can select v and d such that (11) holds. The key inequality for
deriving v* and d* can be found in the proof of Theorem 2,
see (34). A clear relationship between the choice of v* and d*
is difficult to draw for Theorem 2. Explicit bounds are provided
in the sequel by strengthening the conditions of Theorem 2,
which also allows us to ensure stronger stability properties.

Remark 3: Theorem 2 holds even when the horizon d of
cost (2) varies with time as long as it remains larger than
d* as defined in Theorem 2. While we omit the proof, this
remark implies some flexibility on the horizon, which could
be exploited when employing an online optimization scheme.
(]

We know from [15] that it is essential to work with a
continuous Lyapunov function to endow the stability prop-
erties with some nominal robustness'. Here, function Y, qin
Theorem 2 serves as a Lyapunov function. To ensure it is
continuous, we need to guarantee that V., 4 is continuous, since
Y, 4 =V, 4+W and W is continuous according to Assumption
1. Additional assumptions are needed for this purpose.

Assumption 2: The following properties hold.

(i) f and ¢ are continuous.

(ii) Either U is bounded, i.e. there exists a ball of finite
radius B such that U(x) C B for any « € R, or for
each compact set C, n € R, and d € Z>, there exists
1 > 0 such that for any z € C, all admissible sequences
of inputs w of length d + 1 satisfying J, 4(z,u) < n
satisfy |ug| < p for k € {0,...,d}. O

The next lemma ensures the continuity of V., ; when d is
finite.

Lemma 1: Consider system (1) and suppose Assumption 2
holds. For any v € (0,1] and d € Zs, function V, 4 is
continuous. (]

When d is infinite, Theorem 3 in [20] provides conditions
under which V,, ; is continuous.

C. Stronger Stability Properties

We first strengthen the conditions of Theorem 2 to ensure a
uniform semiglobal asymptotic stability property.

!'As noted in [20], to apply Theorem 2.8 in [15] the set-valued mapping
F d in (5) also has to be such that F* () is nonempty and compact for any
T E R™. Non-emptiness follows from the Standing Assumption. Compactness
of F d proceeds from the compactness of Z/{* 4(x) (when f is continuous,
Wthh is assumed to be the case in Lemma 1) Wthh is a consequence of
the conditions of Lemma 1 and the continuity of V., 4 proved in this lemma,
according to item (a) of Theorem 1.17 in [21].

Corollary 1: Suppose that Assumption 1 is satisfied and there
exist L > 0, ayw > 0, aw,ay > 0 such that av(s) <ay-s,
aw(s) < aw s, aw(s) > aw - s for any s € [0, L]. Let
A > 0, and select v* € (0,1] and d* € Z~¢ such that

.

1— aw
( — > ayL < aw(L) (12)
ot
a* a
1—+* +<1> <Z (13)
aw ay ay
and for any (v,d) € (v*, 1] x (d*, 00,
T(ay(A),7,d) < (1 - 3)ay(ayL), (14)
where ay := ay + aw, ay := aw o (@y +aw )" ! and T is

defined in Table I. Then, there exist 8 € KL independent of
A such that, for any z € {z € R" : o(z) < A}, any solution
¢(-, z) to system (5) satisfies, o(¢(k, z)) < B(o(z), k) for all
ke ZZO' U

Corollary 1 ensures a uniform semiglobal asymptotic stability
property for set {z : o(x) = 0}, i.e. given the set of initial
conditions {z € R" o(z) < A} where A is any fixed
strictly positive real number, we can select v and d such that
(11) holds with 6 = 0. Consistently with Theorem 2, to find a
suitable pair (y*,d*), we have to take v* close to 1 and d*
large so that (12)-(14) hold.

Compared to Corollary 2 in [8] and Corollary 1 in [20],
where similar results are derived for infinite-horizon discounted
cost and finite-horizon undiscounted cost respectively, we
require inequality (12). This is not a limitation of our analysis,
but an omission of [20] and [8]. Indeed, f(s) < fs and
g(s) < gs for s € [0,L] where f,g > 0, does not imply
that f(g(s)) < fgs for s € [0, L], as was used previously
in Corollary 1 of [20] and Corollary 2 of [8]. For a counter
example, consider f(s) := s% and g(s) := 2s for L =
We have f = 1, g = 2, yet f(g(s)) = 45> > 2s = fgs for
s € (%, 1] which is a contradiction. Thus, a correct analysis
has to verify that every sub-part of the chain of functions is
inside a valid range. Fortunately, this does not lead to a loss
of generality of Corollary 1, only requiring an extra condition
on v* and d*, which can always be verified.

We can formulate stronger stability properties, namely uni-
form global exponential stability, when conditions of Corollary
1 hold with L = oc.

Corollary 2: Suppose that Assumption 1 is satisfied and
there exist aw > 0, aw,ay > 0 such that @y (s) < ay - s,
aw(s) <aw - s, aw(s) > aw - s for any s > 0. Let v*,d*
be such that

aw

_ 15
ay + aw (15)

o
ay + aw >
Then, there exist K, \ > 0, such that for any v € (v*,1],
d € (d*, 0], for any = € R”, the solution ¢(-,z) to system
(5) satisfies o(¢p(k, 7)) < Ko(x)e ™ for all k € Z>g. O
Corollary 2 ensures a uniform global exponential stability
property of {z : o(x) = 0}. It also provides explicit conditions
on the pair (v*, d*) under which stability is guaranteed. Indeed,
we either first fix v* € (7, 1] with ¥ = 1 — —2%— and then

ay+aw
select d* such that (15) holds, or we first ﬁx d* > d with

aw




Table I: Expressions of the functions used in Theorem 1

Yya:= VyatW
Qy ‘= oW

ay = ay + aw
ay = aw

- N I— _—1\ (d)
(1= s +%ay oapl o (222 ) 7 ()
(d)
Y(s,7,d) = ay ogy (]I—ayoozy ) (s)

(1—=)s

when v € (0,1) and d € Z>o

when v =1and d € Z>g

when v € (0,1) and d = oo

d= Lln(f‘l’n((gi‘i%}{"w}/“?’” and select v* such that (15) holds.
v taw

The resulting pair (v*,d*) is a suitable candidate for (15) by
construction.

D. Comparison of the conditions on v and d with existing
results

It is difficult to compare the conditions on 7 and d in the
general case of Theorem 2 with those in [8] when v = 1 and
those in [20] when d = oo. For this reason, in the next lemma,
we compare the bounds derived from Corollary 2 either when
v =1 or d = oo with those given in Corollary 3 in [8], which
we denote? as djg), and in Corollary 2 in [20], which we denote
as Y20, respectively.

Lemma 2: Under the conditions of Corollary 2, the following
holds.

(1) When aw < aw, ¥ < Ypoy = av‘_f‘_"aw where 7 =
1 — 42— is the bound on 7 given by (15) when
d = 0.

(11) d— In d[g]/ In (1—

ay(av+aw)
>
w

=) where’ djg):=
1 (av(av;raw))
and J:——QZV

In 1_fbv+u¢/_lw>
(15) when v = 1. (Il
Item (i) of Lemma 2 implies that the minimum discount

factor 4 given by Corollary 2 when d = oo is strictly smaller

is the bound on d given by

than the bound found in Corollary 2 from [20] when oy < aw.

Item (ii) of Lemma 2 provides a direct relationship between the
estimate horizon djg; of Corollary 3 from [8] and our minimum
horizon estimate d. It can therefore be used to infer which
bound is tighter.

We refer to our preliminary work [7] for the illustration of
Lemma 2. There, we use Lemma 2 to the examples found
in [8], [20] and obtained from 36% to 63% improvement in
the estimation on the lower bound on d for [8] and a 6%
improvement on the bound on v compared to [20].

IV. RELATIONSHIPS BETWEEN THE OPTIMAL VALUE
FUNCTIONS

As explained in the introduction, often the goal is to minimize
either a discounted infinite-horizon cost or an undiscounted
finite-horizon cost, but the mentioned algorithms minimize
a finite-horizon discounted cost instead. In this context, it is

2We make a change of variable N — 1 = d to align our cost function Jy.d
with the one in [8].

3There is a slight abuse of notation, since d and djg
integers.

are supposed to be

natural to ask what is the relationship between the cost we
originally aim at minimizing, i.e. the infinite-horizon discounted
one, and the one we actually minimize, i.e. the finite-horizon
one. The next theorem provides relationships between these
two costs, as well as between the discounted finite-horizon
cost and the undiscounted finite-horizon cost. These results are
obtained by exploiting Assumption 1.

Theorem 3: Let v € (0,1], d € Zsp, € R™ and suppose
that Assumption 1 holds. Then

Vi) <Vio0(@) <Vaa(2) + 7%05,a(2)

i’(}

k=1
)

(16a)

Vya(z) <Via(z) <Viya(z ), (16b)

(k

where vy (7)== ay oy’ o (H ay’YOaY oay(o(x)) for

ke {l,...,d} and ay,ay,ay € Ko come from Theorem
1, see Table I. |

Theorem 3 provides explicit computable bounds on V, o
(and V3 4) based on V, 4(z), 7, d and o(x), which can be
used to evaluate the mismatch induced by the minimization of
a finite-horizon discounted cost instead of an infinite-horizon
discounted one (and an undiscounted finite-horizon one). We
expect that the inequalities in (16) become equality in the limit
case, i.e. when d — oo in (16a) and v — 1 in (16b). This
is obviously true for (16b). The case of (16a) is addressed in
the next lemma, which indeed ensures that V, 4(x) tends to
V. 00(z) when d — oo, for y sufficiently close to 1.

Lemma 3: Let A > 0,z € {z € R" : o(z) < A}. Suppose
Assumption 1 holds and consider ay, @y, @y from Theorem
1. For v € (1 — 2 1], V, a(z) + 140y a(z) = Vi oo()

I—ayoa

o (d)

when d — oo, where v, 4(z) = ay og;l ) ( - Oy ) o
ay (o(x)). ]

When comparing (16a) with the corresponding error bounds
usually found in approximate dynamic programming [2], we
observe significant improvement when ~ is close to 1. Indeed,
in algorithms like value iteration, it is commonly assumed that
£(z,u) is bounded, e.g. {(x,u) € [0,1] for any (x,u) € W,
which is not the case here This property is used to derive that

Vo) < ()+Zv’“<V a@) + 75

which serves as a near—optlmahty bound, clearly d1verges to
infinity when v — 1. This is not the case with the bound in
(16a), which is small whenever d is large, or when o(z) is
small, even when - is close to 1.

The work in [10] also provides relationship between the
undiscounted infinite-horizon optimal cost and the finite-

. The term —



horizon one. As explained in the introduction, the results of this
section rely on different assumptions, namely we do not rely
on a relaxed dynamic programming property (see Proposition
2.2 and Assumption 4.2 in [10]), but on stabilizability and
detectability properties. Furthermore, we address discounted
costs contrary to [10].

Finally, simpler relationships between the optimal value
functions can be obtained under the conditions of Corollary 2,
as stated next.

Corollary 3: Let d € Z~o, © € R™ and suppose that the
conditions of Corollary 2 are satisfied. The following hold.

(i) For any v € (0,1],
Vaya(z) < Vyeo(r) <

Vi, a7
av(av+aw (

a(x) + Va(z)

where 04(x) :=

av+aw> o(x).

(ii) For any v € (1 —

uv-‘raw ’
Vaya(z) < Via(e) <Vya(x) + Su(z)  (18)
ay(ay+aw 1 ava“(/LW N
where S, (x) = (1 — ) 2@ taw)” ME(I W)@V)aw)g( ).
O

The mismatch 04(x) between V,, 4(z) and V, o (x) in (17)
is linear in o(z) and no longer depends on fy as in (16a).
Furthermore, 0q(2) — 0 as d — oo since 1 — ——2¥— € (0,1)
as shown in the proof of Corollary 1. Snmlarly, the mismatch
Sy(x) between V,, 4(x) and V; 4(x) is linear in o(z) and no
longer depends on d as in (16b). Moreover, S,(x) — 0 as
v — 1 for any z € R".

V. NEAR-OPTIMAL SEQUENCE OF INPUTS

In this section, we explore whether an approximated solver
for optimal cost (3) preserves our previous results in some
sense. Hence, we study the case the available inputs sequence
is only near-optimal for the discounted finite-horizon cost in
the following sense.

Assumption 3: There exists a continuous function 7 :
[0, 4+00) X P — R, where P := ((0,1] x Z>o) U ((0,1) x
(Z>oU{+o0}) with n(-,7,d) € K for any (v,d) € P, such
that V, q(x) <V, a(z) <V, a(x) 4+ n(e, v, d). O

Assumption 3 means that, for any z € R™ and (v,d) €
P, we know a near-optimal sequence of admissible inputs
i, q(x) where n(e,y,d) is the near-optimality bound. The
constant error 7 can be controlled by choosing parameter ¢ > 0
depending on (7, d) as n(-,~, d) is of class Ko.,. Assumption 3
covers near-optimality bounds of the form 7(e,~, d) = 11_1; €
where € is related to approximation errors; such bounds are
commonly found in the approximate dynamic programming
literature, see [2]. The function 7 in Assumption 3 takes value
in R>¢ x P, and not in R>g X [0,1] X (Z>o U {400}) as we
might expect, to cover this type of bounds, which explodes
when (v,d) — (1,00). Compared to [11], where stability is
analysed for control inputs generated by approximate value
iteration, we: (i) study stability of a generic closed set, and
not only of the origin; (ii) do not need the explicit knowledge
of a globally stabilizing policy; (iii) address discounted costs;
(iv) the stage cost is not necessarily quadratic; (v) allow for a

constant error 7n(e,y, d), which therefore does not depend on
x.

We write system (1) in closed-loop with a near-optimal
sequence of inputs as

Tht1 € flan, Uy aler)) = Fy a(zy), (19)

and we denote by <;A5(k, x) a solution to (19) at time k € Zxg
with initial condition x € R".

The next theorem provides conditions under which the
stability of system (5) follows.

Theorem 4: Consider system (19) and suppose Assumptions
1 and 3 hold. There exists 8 € ICL such that for any §, A > 0,
there exist (v*,d*) € (0,1) x Z>¢ such that for any (v,d) €
Poye.ar = ((v*, 1] x (d*, 00]) NP, there exists €* > 0, such
that for any € € [0,¢*) and x € {z € R" : o(2) < A}, any
solution ¢(-, ) to system (19) satisfies

o(¢(k,z)) < max{fB(o(z),k),0} Vke Z>o. (20)

Moreover, when 7)(¢,,d) is non-increasing in ~ and d, given
3, A > 0, there exists (e*,7*,d*) € Rsg x (0,1) x Z>¢ such
that for any (e,v,d) € [0,€") X Py g+, (20) holds. O

Theorem 4 ensures a semiglobal practical stability property
where the adjustable parameters are not only -, d as before, but
also €. We stress that €*, the upper-bound on ¢, has to be chosen
as a function of (v, d) in general, not (y*,d*). This is due to
the fact that the error term 7(e, v, d) is potentially increasing
and unbounded in « and d. This is the case for instance when
n(e,v,d) = 111"’;6, which explodes as (y,d) — (1,00) as
already mentioned. We are thus forced to adapt € to (v,d).
This is no longer the case when 7(e,, d) is non-increasing in
~ and d, as stated in the last part of Theorem 4.

While the determination of the pair (v*,d*) such that (20)
holds is as difficult as in Theorem 2, the next lemma states that
any pair (v*,d*) such that (20) holds for given (J, A), ensures
that (11) holds with tuple (y*,d*,d, A), but the reverse may
not be true.

Lemma 4: Let (v*,d*, 6, A) be such that Theorem 4 holds
for some 7 and €*. Then Theorem 2 is verified with the same
tuple (v*,d*,d, A). |

Lemma 4 is useful in practice to have lower bounds on ~*
and d* when the considered algorithm produces near-optimal
inputs according to Assumption 3, as illustrated in the next
section.

Regarding optimality, the following corollary provides a
relationship between the infinite-horizon discounted optimal
cost V, oo () and V, 4(z).

Corollary 4: Suppose that Assumption 1 and 3 hold, let
€>0, (7,d) € P and = € R™ and consider v, 4(z) defined
in Theorem 3. The following holds.

Vo a(z) — ne,,d) < Vi oo(@) < Vi ale) + %0, 4(x) 1)
O

VI. ILLUSTRATIVE EXAMPLE

We consider the model of an inverted pendulum discretized
by Euler scheme with sampling period 1" > 0,

:cir =x1+Txs

xy = 29 + T (asin(zy) — bry + cu) (22)



where z; € R is the angular position of the pendulum, with
x1 = 0 being the upper-position, x2 € R the angular velocity
and u € R is a controllable torque at the rotation axis. The
constants a,b,c > 0 are related to the mass, the dissipation
and the motor gain, respectively. We have (z1,75) = x € R?
and v € U(z) = R. Let o(z) = |z1] + |z2| and consider
cost (2) with £(z,u) = o(x) + r|u| for some r > 0, for any
(x,u) € RZxRR. First, we verify that SA holds by applying The-
orem 1 and item d3) of Theorem 2 in [14]. We have that items a)
to ¢) of Theorem 1 in [14] hold. Item d3) of Theorem 2 in [14]
is satisfied since |u| < #(z,u), thus |u| — oo, €(x,u) — oo
for any = € R?. For item e) of Theorem 1 in [14], let x € R?
and consider the infinite sequence v(x) := {1 (—asin(z;) +
by — T2y L (—qsin(zy + Tap) + b8H22) 0, ) It
follows that ¢(1,z,v(z)1) = (z1 + Tze, —2E2), and
ok, xz,v(x)|x) = 0 for k > 2. For any ~ € (0, 1], we have

Sy o0 (2, 0(2))

1 . 1+ Tz
= |21 | + |22] —|—r|;(—asm(m1) + bxy — %”
X
+ (|21 +Tx2|+|?1+x2|
1 . 1+ Tx
7| (=asin(zy + Tz) + b=—r—)])

< r 1 1

< o] + [w2| + E(a|$1\ + blza| + ﬁ\xﬂ + T\ﬂfz\)
1

(] + Tlea| + 2] + a2

r 1
+ - (a(jza] + Tlza]) + b( 5 la] + |z2))
< 91(")/,7‘,T)|I1| +02(’Y,T,T)|l’2|,

with 01 (y,7,T) =1+ 2% + 25 + (1 + i + 2% 4 %) and
O2(y,r,T) := 142 + = + (T + 1+ L + 2), which is
finite for all T' > 0. Thus, Theorem 2 of [14] is verified and SA
holds. Furthermore, since J1 o0 (2, v(x)) < 01(1, 7, T)|z1| +
02(1,r,T)|z2| we verify item (i) of Assumption 1 is satisfied
with @y = max{6,(1,7,T7),02(1,r,T)}L. From {(z,u) >
¢(x,0) = o(x), item (ii) of Assumption 1 is verified with
W =aw =0 and ay =1

In the following, we take a = b = ¢ = 1, with time-step
T =1 and r = 1. In this case, ay = 7L In view of Corollary

2, we find d = nglflﬁ
exponential stability is guaranteed for any pair (v*,d*) with
v* >4 and d* > d when the optimal sequence of inputs is
applied to system (22). This analysis is of course conservative,
and a different derivation of @y might provide different bounds
on (y*,d*).

Because we do not know how to compute optimal sequences
of inputs, we use a scheme based on approximate value
iteration to generate the inputs. This scheme relies on a
simple finite difference approximation, with N = 332 points
equally distributed in [—m, 7] x [—, 7] for the state space, and
101 quantized inputs in [—10, 10] centered at 0. As a result,
Assumption 3 holds for some 7, which can be derived by
adapting the results from [4] for aggregation* Per Theorem 4,
system (22) controlled by such scheme satisfies (20). Figure

J = 25 and 7 = 3, thus global

4The detailed derivations are not provided for space reasons.

1 provides plots of o(z) for the initial condition (3,0) for
different values of (v,d). As expected, when  or d are too
small, a(quS(-, x)) does not converge to a "small" neighborhood
of the origin, where we recall that ¢(-, z) is the solution of (19)
controlled by the near-optimal sequence. To analyse the impact
of (7,d) on the closed-loop system, we consider three initial
conditions, namely (,0), (3, 3) and ({5,0.1), for different
pairs (v, d) and we have checked numerically whether the state
measure converges to the set S := {z € R? : o(2) < 0.5} in
11 steps, and that it stays in S for at least 40 steps. The obtained
results are summarized in Fig. 2. As expected by Theorem 4,
we see in Fig. 2 that both (-, d) have to be sufficiently large
for o(¢(-,)) to converge close to the origin. Furthermore,
Theorem 4 suggests that stability may be lost if € is not small
enough for given (v, d), this is not apparent for our test case
with N = 332, However, by reducing the number of points
for the state space from N = 332 to N = 312, we observe a
degradation of our convergence test for v to close to 1 and
d too large, see Fig. 3. This further illustrates the statement
made in Theorem 4 in extension to those made in Theorem
2. Namely, that pair (y,d) cannot be simply taken close to
(1, 00), as they have a role in addition to ¢ in keeping the error
term 7 in check.

7-
=6
6 =5
=6
5 =4
4t
N -
2t
1t
0 ®
10

Figure 1: o(¢(-,x)) for 4 different pairs (v,d) and z = (3,0).
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Figure 2: Convergence testing of 1000 sample pairs (7, d),
N = 332. Symbol o denotes convergence to S, while x the
converse.
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Figure 3: Convergence testing of 1000 sample pairs (7, d),

N = 312, Symbol o denotes convergence to S, while x the
converse.

VII. PROOFS
A. Proof of Theorem 1

We distinguish three cases depending on the value of v and

d.

Case 1: v € (0,1) and d € Z~y.

Let v € (0,1), d € Z>o, * € R" and v € F7 ;(x). There
exists [ug, ui,...,uy] = ul ;(x) such that v = f(z,ug) and
'u; 4(x) is an 0pt1ma1 input sequence for system (1) with cost
(2). Hence V,, 4(x) = Jya(z, ul 4(2)).

The proof can be summarized as follows. We start by
showing item (ii) of Theorem 1. For this, we first upper-bound
V,,,a(v) using Bellman equation. We then derive a preliminary
upper-bound on V,, 4(v) — V, q(x). Afterwards, We define
Y, a:=V,q+ W where W comes from Assumption 1 and
we derive the desired result.

Since stage cost ¢ is nonnegative and in view of item (i) of
Assumption 1,

Uz, uy) <V, q(z) <ay(o(z)). (23)
Let j € {1,...,d}. Consider the sequence
i = [ui, us,...,uy_;,u;] where u; =
wl (d(d =7+ 1wl g(@)]a—j+1))s  uwl (@)1 =
[ug, - - - uly_ j] and ¢ denotes the solution of system (1).

The sequence %4 consists of the first d — j elements
of u? ,(z) after wuj, followed by an optimal input
sequence of length j + 1 for cost J,q_; at state
¢(d — j + 1,x,ul 4(x)[a—j+1). Note that the sequence u;
exist and minimizes J, ;(¢(d — 7 + 1,2, u? 4(2)a—j+1), U;5)
from SA. From the definition of cost J,4 in (2) and
Vyain 3), Vya(v) < Jya(v,4) = Jya—j-1(v,6la—;) +
d*JJ.”(gb(ddf jl,’U ,Wlg—j), ;). By definition of u;,
Voa(v) < 028 ok ek, v, ali), i) + 299V (6(d -
Jy0,lg—j)). For any k e {0,...,d}, ¢(k,v,aly) =
o(k + 1, [US»ﬁHkH) = (b(k + 17x7uz,d<x)‘k+1)'
Similarly, since j € {1,...,d} implies 0 < d — j < d,
6(d — jv,la—g) = 6(d — j + 1,2,u% y(2)la—j41). Thus
d—j—1

> ARe(e(
k=0

+ IV, (o(d — G+ 1w, ul

kE+ 12,02 glerr), [uh o(7)]kr1)

a@)]a—j11)),
(24)

where [u? ;(7)]x+1 = uj . Using the following shorthand
notation, we define the optimal solution ¢, := ¢(k,z,u’ d( )
and the optimal stage cost 0}, := £(¢y,uy) for k € {0,...,d}.

Hence,
d—j—1
Via(v) = Vya(e7) < Z e YV (e J+1)-
= (25)
Furthermore from the definition of V, 4(x),
d
z) =Y (26)
k=0
and
d—j—1
Voya(z) = 65> Y AFey,. @7)
k=0

Subtractlng (26) from (25), it follows V’v d( ) —

— Yo +dZd 0+ ’Y
1 *

=+ (1—7) 0 A

k=0
of (27), we have > ~%0; <
=0

Vya(r) <
Vyi(@i_j1) =
'Ya] (¢27]+1)- In VieW

d—j—1 .
J Vya(@)—3
Y

, hence

Vya(v) —

<5 -

Vy,a(z)
11— 1

* -7 —3 *
b+ va,d(l') +4 IV, i (ba—iv1)

KO 1-—
. il () +

From item (i) of Assumption 1,

Vya(v) = Vaya(z)
§f+f};§izv;d( )+ Ay (o(i-j41))

= (o (= DVl +9 T (005 10)):

VIV, (D ji)- (28)

< —

Adding and subtracting W( ),
Vy.a(v) = Vya(x)
< (= - A=W @)+ (1= )(V,.a(o) + W ()

TG (06 1))

Let Y, 4 =V, ¢+ W. In view of item (ii) of Assumption 1

and since v < 1, yW(v)—W(z) < —aw (o(z))+£§. Dividing

everything by ~ and since J =1+ 1777, W(v) — W(x) —
1_T’YI/V(:E) < fw + %" Therefore,

(29)

1
W (v) =W (z) < ;(—aw(a(x))wm(lﬂ)wm)). (30)
In view of (29) and (30),
Yy,a(v) — Yy a(z)

< (= - =W + (1= )Y, (o)
95 @ (0(01) — aw(o(@) + 6 + (1= W ()
= 2 (—awlo@) + (1 =1)¥,@) +9 av (o(65)))

€1y



where k* := d—j+1. A major difficulty compared to [8] is how

to bound o (¢;.) in (31) because of the discount factor. For this

purpose, we use Theorem 5 given in the Appendix. From item

(ii) of Theorem 5, it follows that, for any k € {0,...,d — 1},
Y.

7,d—(k+1)(¢z+1) - Y’y,d—k(ﬁ)
< 2 (—ar(ol@) + (1= Vas(é)).

We write

—ay o0y (Vy.a—k(9})) + Yy.a—r(0})
v

Yy a— (k1) (D5 11) <

(32)
where @y = @y + aw and ay = ay, since ay (o(¢})) >
ay o ay'(Yy.a_x(#})), which follows from item (i) of
Theorem 5. As explained in Remark 2, we can assume
I —ayo 6;1 € Ko without loss of generality. Thus,
starting from Y, 4(z) and proc*eeding by iteration, we have

* I—ayoas?t (k . .
Yook (9f.) < S (Ys.a(x)). We apply item (i)

of Theorem 5 and conclude that
v 0T (k™)
Y-y ) (Y%d(x))> . (33)

11— ——1
() < ay! ((7

It follows from (31) and (33) that

Y,.a(v) =Y, a(z)
s% [ aw (0(2)) + (1 — 7)Y, a(z)

I—ayoay

+ " ay oa;l(( -

(k™)
) <Yv,d<x>>>].

Thus, equation (10) is verified with ay = ay € K., and

Y(s,7,k%) = (1=7)s +7* av oay'( (M%)( ) (s))-
Recall that j is freely selected in {1,...,d}, as a result so is
k* € {1,...,d}. Note that Y(s,v,d) > 0 for any s > 0, as
0 <I— ay oa,', which follows from ay = ay < @y. Let

—ayoayt (d)
s >0, consider (1 —~)s+ay (g;l((ﬂ#> (s))) >
Y(s,7,d). Note that s — ay o@y'(s) < s if s # 0. Indeed,
suppose s — ay 0 @y ' (s) = s and s # 0, this is only possible
if ay o @y '(s) = 0, we attain a contradiction. Hence, s —
ay oay'(s) < s when s > 0, and zero at zero. Therefore

i\ (d
(1—7)s+ay (g;l((%)( ) (s))) — 0 when v — 1
and d — oo. Finally, recall that 0 < Y(s,~,d). It follows,
by the sandwich rule, that Y(s,v,d) — 0 when v — 1 and
d — oo. Hence, item (ii) of Theorem 1 holds.

In view of Assumption 1, Y, 4 < ay(o(x)) with
ay = ay + aw € Ks. From item (ii) of Assumption 1, we
have W (x) > aw (o(x)) — €(z, ug). Associated with (23), it
follows Y, 4 > aw (o(z)) — £(z, uf) + l(z, u§) = aw (o(z)).
Thus ay = aw € K. Item (i) of Theorem 1 is satisfied.

Case 2: v=1and d € Z~
By following the steps of Case 1 with v = 1, the desired
result is obtained.

Case 3: v € (0,1) and d = o0
Let v € (0,1), z € R" and v € FJ_(z). From
Bellman equation, V. .(z) = & + YVy.00(v), thus
Vyoo(V) = ot Vo (@) By following the steps of Case 1,
the desired result is obtained.

B. Proof of Theorem 2

Let A6 > 0, d € (d*,00] and v € (v*, 1], where v*, d*
are defined in the following, x € R™ be such that o(z) < A,
v € FJ ;(x). There exists u? ,(x) with first element ug such
that v = f(m ug) according to SA.

o -1

Define A := @y (A), § = ( - %Y) o ay(8), Ay =
ay oa@y ', where’ ay, @y, ay come from Theorem 1. Let
(v*,d*) such that the following holds for all d' > d*,+" €

(v1],

— /
vseBAL Yoty < (1-F)avl. o9
where YT comes from Theorem 1. Such a pair (v*,d*) always
exists for the following reason. Consider the functio? )¢ :

——1 d
(od) = max (1= 7)s + av o at o (Z220) ()
s€[8,A] v

Clearly, Y(s,~,d) < (v, d) for any s € [3, A] in view of the
definition of Y, and recall from Theorem 1 that Y(s,~,d) > 0,
thus 0 < Y(s,7,d) < 1(v,d). As explained in the proof of
Theorem 1, I — ary © a;l < I on R+, hence ¥(vy,d) — 0
s (7,d) — (1,00). Thus, from the definition of the limit,
there exists a pair (y*,d*) in (0, 1) X Z such that ¢(v,d) <
1ay (6) for any (v,d) € (v*,1] x (d*,00). As a result, for
any s € [g,ﬁ},N’y € (v%,1] and d € (d*,00), T(s,7v,d) <
¥(7,d) < $ay (6). Meanwhile, the right hand side of (34) is
bounded below by 1dy (8), since ay € Ko, s € [6,A] and
€ (0,1], thus Y(s,7,d) < tdy () < (1—2)ay(s) and
(34) holds.
In view of item (ii) of Theorem 1 and since ay (o(x)) >
ay o @y (Y, .a(z)) according to item (i) of Theorem 1,

1

Voalo) = Yyalo) < - (= Gy (Vya(e)) + X (V) 7,) ).

(35%)

Since o(z) < A, Y, 4(x ) < ay(o(z)) < ay(A) = A
Therefore, when Y, d( ) > we derive from (34) that
—ay (Yy.a(z)) + T(Yy.a(z), 7, ) < —3ay(Yya(@)). Thus,
from (35),

Yy.a(v) = Yy a(x)

(36)

Consider now Y, 4(z) € [0, 4). From the definition of Y, note
that T(-,7,d) — (1 — y)I € K or zero. It follows then that
Y—ay+7Y(-,7,d) € K. Indeed, \I—ay +Y(-,7,d) = vI—

5 Note since I — @y = I — ay o (@y + aW) b e Koo as assumed
without loss of generahty in Remark 2. Thus [— 22X = [-@y + ¥ € Koo,

hence ( - a%) € Koo and 3 is well deﬁned



aY+T('7 8g d) _(1_7)]1—"_(1_’7)]1 = ]I_&Y+T('7 Vs d)_ (1_
)1, which is in K since I — oy € K as assumed without
loss of generality in Remark 2 and Y(-,7,d) — (1 —7)I € K
or zero as noted before. Therefore, for Y, g(x) € [0,) and in
view of (35),

Vyalv) < 2 (15.a(0) = Gy (V@) + T

Yy .a(v) < i (75 —ay (9) + (5,7, d)).

From (34), we derive

Y,.a(v) < %(75— ay (3) + (1 - %) aY(S))

Y,.a(@),7,d)

Voav) < 2 (15— Jav (@)
Y, a(v) <5 — aY2(g)

Given the definition of g,

Yy a(v) < <H - a;) () = ay (9). (37)

Thus, whenever Y, 4(7) < ay(é) Y, a(v) < ay-(0) follows.
Indeed, if Y, 4(z) € [5 Al, Y- 5d(v) < Yia(z) < ay(6)
according to (36), and if Y%d( x) € [0 5), we deduce

Y, a(v) < ay(6) according to (37). Hence the set {z € R™ :
Y,.a(2) < ay (8)} is forward invariant® for system (5).

We then invoke the same arguments as in the proof of
Theorem 2 in [20]. Hence, there exists 8 € KL such that for
any k € Z>o and solution ¢(k, z) to system (5),

Y, a(é(k,x)) < max{B(Ys,4(z), k), ay (8)}.  (38)
Finally, using oy (o(z)) <Y, q(z) < @y(o(x)), we obtain

o(8(k, 7)) < max{ay! (B@y (o(@)).5)) .0},

Thus (11) holds with 3(s, k) = ay* (E(ay(s), k)).

(39)

C. Proof of Lemma 1
The proof consists in showing that the conditions of Theorem

1.17 in [21] are satisfied by V,, 4. Let v € (0,1], and d € Z.

Since U () is non-empty for all « and J, 4 is a finite sum, J, 4
is trivially finite for all = and u, J, 4 is thus a proper function
according to the definition in Section 1.A of [21]. Moreover,
Jy,a is simply the composition, multiplication and addition
of f and ¢, which are continuous functions from item (i) of
Assumption 2, thus it follows that J, 4 is also a continuous
function in z and w. Since item (ii) of Assumption 2 holds,
Jy,4 is level-bounded in u locally uniformly to x according
to Definition 1.16 in [21]. That is, for each x € R"™ and
a € Ry there is a neighborhood X of = such that the set
{(z,u) : z € X,J, q(z,u) < a} is bounded in R™ x R™.
Finally, SA guarantees the existence of ufy d(x), it follows
from item (i) of Assumption 2 that with a fixed sequence
U= uv a(@), Jy,4(Z,u) is continuous in z. Altogether, we
deduce from that V,, 4 is a continuous function by invoking
item (c) of Theorem 1.17 in [21].

The corresponding step was omitted in the proof of Theorem 2 in [20].

D. Proof of Corollary 1

Let A > 0, v € (v*,1] and d € (d*,0], z € R™ be
such that o(z) < A and v € FJ (). Since Assumption 1
holds, we can apply the conclusmns of Theorem 1. From item
(b) of Theorem 1, Y, 4(v) — Y, q(x) < %(—aw( o(x)) +
T(Y, d(a;),’y,d)), where’ Y(s,7,d) = (1 —7)s + y%ay o

d

agy © M) (s) since ay = ay = ay . We use the
following strategy. First, we show that Y, 4(v) — Y, 4(z) <
—€Y,, q(x) holds for some € > 0 when Y, 4(x) € [0,ay L]
due to (13). Then, we show that Y, 4(v) — Y, q(z) <
—3ay (Y, q(z)) holds for ay = aw oa@y' when Y, 4(z) €
(ay L, @y (A)] due to (14). To conclude, we combine the two
inequalities and we defer to the proof of Theorem 2.

We first derive properties based on the sublinear conditions
of Corollary 1. Since @y (s) < ay - s and aw (s) < ay - s for
s€0,L], ay(s) =av(s)+aw(s) < (ay +aw) s =ay -s.
Thus s = @y (@y(s)) < ay'(ay - s) for s € [0, L] and, for
s =ay -s€l0,ayl],

(40)

VA
IN <17

Similarly, from aw - aw(s) for s € [0,L] and taking
s = aw/(s) € [0, aw (L)], we derive that

ap (5) < o

(41)

By composing both sides of (40) with ayy, we obtain that
aw(z7) < aw oa;,l( ) for s € [0,ay L], and since 2*- €
[0, L], aw 2> < aw(5), thus

wrs < aw oay ! (s). 42)

Therefore s — ayy o@{,l(s) < (1 — ‘E—W) s, and, for any s €
[07 dY-L],

—1
(3 —aw oy (S)) <y(1-m)s @y
,)/ Y

On the other hand, according to (13), 1 — v* < ’}1—3’, thus
1 — &% < 9% Since v* < 7, 1 — 2% < . With this
inequality, we derive from (43) that M) < s

€ [0,ay L] for
We can then apply the first inequality in (43)
(d) d
iteratively and obtain ( (s) <y (1 - E) s
for s € [0,ay L]. Also from (43), v* <~ and d > d*, we have

s—awoay (s)

for any s € [0,ay L]. Thus (
S € [0,dyL].

—
I—awoay,

1-aw \ 9 1-aw \ 4 d d
ay ay - _ aw
that e > e > 7y (1 ay) . Hence,

according to (12) and (43), for s € [0,ay L],

1
(I[ —aw oay

v >(d) (s) <71 (1—%>d8§aw(m'

(44)
Since (44) holds, we can invoke (41) and obtain for s €

[0,ay L]
I—awoay?t (d) —d a d
ayto () sy < 0 (1) s

"The case when v = 1 or d = oo will be discussed later.

(45)



Moreover, from (44), it follows that, for s € [0,ay L],

1 (H—awoa;l

(@) )
agt o . ) (s) <aploaw(L)=L.  (46)

From (45) and (46), we conclude that y%@y o a;vl o
ox ( ) —awoas! (d)
(5255) ) < v et (S2) ) <
d _ d
vy av—(l—‘x’ s = %(1—%—‘3) s for s € [0,ay L]
holds. Therefore, for s € [0, ay L],
(47)

Y(s,7,d) < (1 —7)s+ 22 (1 - %—V;)ds.

Note that (47) holds even £0r vy =1lord =
Y(s,1,d) < a—v‘/v (1 - ‘%’) s and Y(s,v,00) =
for s € [0,ay L].

Since —aw (o(z)) < —aw o @y’ (Y,.a(z)) holds from
item (i) of Theorem 1, for Y, 4(z) € [0,ayL] we derive
that —aw (o(z)) < —32Y, 4(z) from (42). Applying this
inequality and (47) to item (ii)) of Theorem 1, we find

_aw gy, 8v () aw?
Yy a(v) = Yya(z) < ay VH w (1-57) Y, a(z). For
(v*,d*) as defined in (13), and since v € (v*,1] and d > d*,

it follows

00, indeed
(I —=7)s

aw

ay

d
0<1—w+<1—‘fw> 48)

aw ay

Consequently, theredex1st €€ (O, 2—";’) such that (7 ‘CEL—V; +1—
v+ (1-2
Yy a(v) = Yya(z) <
(13) holds.

For Y, 4(z) € (ay L,y (A)], the existence of v* and d*
such that (14) holds follows from the same arguments as
for the existence of v* and d* such that (34) holds in the
proof of Theorem 2, with A := @y (A) and § := ay L. By
following the steps of the proof of Theorem 2 for (36) we
obtain that Y., 4(v) =Y, 4(z) < —3ay (Ys,q4(z)) for Y, 4(z) €

) < —5 < —e. Finally, we conclude that

—€Y, () for Y, 4(x) € [0,ay L] since

(@yL,Ey(A)].
We have found that Y, 4(v) — Y, q(x) decreases for all
Y, i(z) € (0,ay(A)]. In particular, by —eY, 4(z) for

Y,.a(z) € [0,ayL] and by —1ay (Y, q(x)) for Y, 4(z) €
(ay L, @y (A)]. We conclude the proof by noting that Y., 4(v)—
Yy.a(x) < —min {el, 3ay } (Yy,a(x)). The desired result is
then derived by following the final steps of Theorem 2.

E. Sketch of proof of Corollary 2

Let z € R", v € FZ (z) and v € (v*,1], d € (d*,00].
Since Assumption 1 holds with Corollary 1 conditions with
L = o0, we can use the sublinear developments of Corollary 1
everywhere, that is, for all x € R". In particular, we have
shown that given (13), there exists € € (0, %—V: such that
Y, a(v) = Y, a(z) < —€Y, 4(z) holds for Y, 4(x) € [0,ay L].
Similarly in Corollary 2 case, we derive from (15) that
Y, a(v) — Yy a(x) < —€Y, q4(x) holds for any Y., 4(z) € R>q.
We now proceed with the same argument as the proof of
Corollary 2 in [20]. Let z € R”™ and denote ¢(k,z) be
a corresponding solution to (5) at time k € Zsxg, it holds

that Y, 4(é(k,z)) < (1 — €)*Y, 4(z). Since Y, q(z) >
aw(o(x)) > awo(x) and Y, 4(z) < @y (o(x)) < ayo(w),
we conclude that Corollary 2 holds with K = —v‘; = W
and A\ = —In(1 —¢).

FE. Proof of Lemma 2

Item (ii) of Lemma 2 is derived immediately by substitu-

- = = = 2 — — _
tion, since d = ln(aV(aVJra{‘,,”)/aW) and djg) = v(@y taw)
In(1— W__) ady,
QV+QW ~ . .
Item (i) of Lemma 2 follows since T;OI < 1 implies
(ay+aw —aw)(ayv+aw) _ av+avaw+awaw a%/v <1, which

(av+aw)ay V‘HZV(ZW
in turn implies ay aw < aW Item (i) of Lemma 2 holds since
aw > 0 by assumption of Corollary 2.

G. Proof of Theorem 3

Let z € R, v € (0,1], d € Zso. According to SA,
the input sequence [ug, ..., u}_;,uy] = u} ,(x) exists and
Jy,a(z,ul 4(x)) =V, 4(x). The lower bounds on V, oo ()
and V4 4(x) in (16a) and (16b), respectively, follow from the
definitions of V,, () and V4 4(z) in (3). The other inequalities
are proved in the following.

Define ¢} = ¢(k,z,u’ ;(z)|x) a solution to (1) at time
k € {0,...,d}, initialized at z, and define ¢} := (¢}, uj)
the corresponding stage cost at time k. To prove the sec-
ond inequality in equation (16a), consider the infinite se-
quence @ := [ug,...,uy 1, u’ (#})], where u? . exist
according to SA. By definition of V, (z) and V, 4(x),
Viol®) € Jpool@,) = Jyaoa (@[ st y]) +
VLT e (6% o (83)) < Vi) + 79V, 0 (6). According
to item (i) of Assumption 1, V,, o (¢%) < @y (o(¢7)). To bound
o(¢}), we invoke (79) in the appendix. Hence, V, o (¢}) <
I—ay oay

Y
Theorem 1, Y, 4(z) < @y (o(x)) and we obtain the second

inequality of (16a).
For (16b), consider the finite sequence u: d

ayoay'o (Y,,q4(x)). By invoking item (i) of

(z). Note that

Via(x) < Jra(z,ul 4(z)) = 242
k=0

(49)

By applying Bellman principle to V, 4(z), as done in the
proof of Theorem 5, it follows that V. 4_x(¢%) = £f +
YVy d— (k1) ()4 1) for k € {0 ,d—1} and V,, o(¢}) = £5.
By summation we have Ek:o %d_k(qﬁ?;) = Y
'YZZ;(lJ Vya-(k+1) Pk 1) Vaa(d5) + Yot Vaaok(h) =
S ol S Vo ak(@]). Since ¢f = x,

Zvﬁ/d k¢k: ZE*

Therefore, in view of (49), Vi 4(z) < Vya(z) + (1 —

v) 22:1 V,,.d—k(¢5%). The proof is completed by noting that
Vyak(#)) < av(o(@p) < vir(@) = a@v oay’ o

1 k
(H_a#) o @y (o(x)), which holds in view of (79).

e (50)



H. Proof of Lemma 3

Let A >0,z € {# € R" o(z) < A} and A =
@y (A). When « = 1, it follows that vy 4(z) = @y o ay' o
(I—ayo a;l)(d) o @y (o(x)), which can be made as small
as desired by noting that (I — ay oy, )(d) is decreasing in
d, as explained in the proof of Theorem 1. Thus vy 4(z) — 0
when d — oo.

When v € [1 — O‘EEA; 1), it follows that (1 — v)ay (A) <
ay (A), thus (1 — VA < ay o aY Y(A) by definition of

X A— ozyoofl(A) .
A, and hence —————Y -~ < < A. We have obtained that

Cavoa=t\(@ ~ ~ )
(%) (A) < A. On the other hand, since o(z) < A

I— oast _ .
and —°%_ Gy € K as assumed without loss of gen-

erality in Remark 2 and Theorem 1 respectively, we have

——1 ——1 ~
H_ay%(ay(a(x))) < H_O‘%(A) < A. Finally, we have

that v%v, 4(z) < y%ay o ay (A), thus Y%, a(z) — 0 when
d — oo.

Since y%v,, g(z) — 0 for v € [1 — ;Y(ﬁ) ,1] when d — oo,
it follows from the sandwich rule and (16a) that V,, 4(z) +
Y4y a(x) = V00 (z) when d — oo.

1. Proof of Corollary 3

Let d € Zso, v € (0,1] and z € R". TItem
(i) of Corollary 3 follows immediately by application
of (16a) and of the conditions of Corollary 2. Indeed,

. _ 1 H—O{y0571 (d) —
since vq(xr) = ay o ay o (fy) o ay(o(x)),
we have vy(z) < V_dw(a;‘;am av )
Thus V). < V'y,d(d) + Yhg(z) < +
%&r&w) 1- %) o(x) = Vya(z) + f)d(:v), which
is the desired result.

Assume now that v € (1 — %% 1]. Since v € (0, 1],
Theorem 3 holds. Recall the deﬁmtlon of vy from (16b) and
notice that vy(z) < 'y_kaV(a;’VjaW) — T a(m),

in view of the definition
application of the conditions

of v and by direct
of Corollary 2. Thus,

d a4 k

> vk(x)So(x)iaV(a;JaW) >k (1—aV“JZ_1W) =

k=1 . k=1 i

U(x)iav(a;‘;raw) Sk (1—6V“+ng) Since 1—z-4%—<y,

k=1

o ,y—k (1 aw )k — (17av+uw> — (1__ aw )

= ay+aw 1—y—1 (1,%%) ay+aw

S oy - Finally, (1=9) 3 vp(2)<Sy(z) where
k=1

Sv(x)::(l_,y)a(w)sz(t’zv+éw) 1—_—aw ) ayvtaw

aw av+aw ) aw—(1—v)(av+aw)"

Thus Vi ¢ <V, 4(z) + Sy (z) and the proof is completed.

J. Proof of Theorem 4

The proof consist in building a Lyapunov function for the
near-optimal cost, and to conclude by following similar steps
as in the proof of Theorem 2, by suitable selection of e. Let
x € R™, (v,d) € P and € > 0. Per Assumption 3, there exists
a near-optimal input sequence [tg, U1, . . . , &q) = U~ q(z), such

that & = f(x,00) and V, 4(z) = Jya(z, @y.a(z)). Let k €
{0,...,d} and define ¢y, := ¢ (k, z, @, 4()]x) the solution to
(n w1th input 4, ¢(z) initialized at x, 0y, == U(¢y, @) and
Vyamk(01) = Jya- 5Dk, [k, - 1a]).
By definition of de and Ek, it follows from (2) that
V- k(¢k) =l +7V7 d— (k1) (Pr1) for k € {0,...,d—1}
and V7 0(¢d) =1, Invoking item (ii) of Assumptlon 1, we
derive W(¢k) > Uy + aw(o (qbk)) + W(¢k+1) Thus, given
Y’y d— k(¢k) Viyd- k(¢k)+W(¢k) we derive Y’y,gl K(on) >
w(o(dr)) + 7Ysa- (41 (Pr41) + (1 = 9)W (Sp41). For
k = d, we derive similarly that Y, o(¢q) > aw (c(¢q)), thus
for any k € {0,...,d}, it follows that

o~

i k(dn) > aw(o(dy)).

On the other hand, from de k(r) > aw(o(dr) +

VYo i (i) (rtn) + (L =)W (¢>k+1) for k € {0,...,d—1}
established above, we deduce Yvd k(o) > on( (gbk))
'yY Jd—(k41) (¢k+1) since W > 0, which implies

(D

~ ~ A

Y’y,d—k((bk) — aW(U(¢k)) .

}/}'y,df(k+1)(¢zlc+1) < 5

(52)

We now derive an upper-bound for Y’y d— k(gbk) in terms of
Y,,.a(x). Note that V., 4 (xy1)(dri1) < Y%W holds. In

view of Assumptions 1 and 3, we have that V.Y_,d_k(gzgk) +
W(dr) < av(o(dr)) + nle,v,d) + aw(o(dr)), that is,
Yya-k(9r) < nle,y,d) + ay(o(dr)), where @y =
ay + aw. When @y (o(ér)) > n(e,v,d), it follows that
6;1(}@‘%"@5’“)) < o(¢x), which implies

ay (Yy.a_r(dr)) < aw(o(dr)),

= aw o @y '(§) for all s > 0. When
n(e, v, d), it follows that

(53)

where ay (s)

ay(o((ﬁk)) <
S}'y,dfk(gz)k) < 27’(67 s d)

From (52), (53) and (54), we derive SA’%d_(kH)(qSkH) <
(H_f") (f@)d_k((ﬁk)), 2"(%(1)} For the sake of con-
venience, we introduce parameter y > 0 such that such that
2"(5’7 4 < 4 and that 1 — 2% < ~ Parameter 4 can be
1ntroduced without loss of generality, since the first condition
ZU(EJ D) < ;i can be always verified by taking € small, and
the second is verified by taking  close to 1. Moreover, we
will require later in the proof analogous conditions on ~ and
71 to guarantee stability. Thus,

(54)

max {

Yy d—(ks1) (Prt1) < max { (H Vay> (Ymdk(%)%/ﬁ} .
(55)
We now show that @ € K- Indeed, as explained
in Remark 2, we can assume without loss of generality
that T — aw o (@y + aw) € Ks. Thus 21 — aw o
oyl € Koo, therefore 1 — ay o a;l o % =1-ay €

Qy
K+ and we conclude H‘% € K. Hence, with one it-

eration of (55) to itself, we obtain ?W,d_(k+2)(q3k+2) <



max { (@)(2) (/Y\:y,d—k(dgk))? (%) (1) vﬂ}. By succes-

sive iterations of (55) and noting that (H*W&Y) (1) < p because

1— aYT(M) < ~, we obtain

7y(60) < max{ (52)” (T ate)n - G0

Since (51) holds,

o(64) < 0Py ala)).
2) o)t )}

where Ud(f’%d(;r)):: max { (
Note that for s € [0, p],

oa(s) = ay' (1) (58)

Consider now cost ‘77 a(d) = IA/7 a(f(x,tp)), where Gg is
the first input of the near-optimal sequence i q(z). From
Assumption 3, V, 4(8) < V. 4(d )—I— n(e,v,d). Let u =
[G1, Ga, ..., T4—1,w1] where @1 := (1 (gbd) is the optimal
sequence of inputs of length 2 for state ¢d with cost V, 1 ((Z)d)
and 4, are the inputs of the near-optimal sequence. It follows
from the optimality of V, 4(0) that V3 q(9) < Jy.a(0,u) <

Tyd—2(0, [, ... Gg—1]) +v47 1V, 1(¢d) Therefore, accord-
ing to Assumptlon 3,

VV d({})

< Jya—a(0, [l . . Gaa]) + 77 V51(0a) + (e, v, d).

(59

On the other hand, we have ?V?d(m) =
Jy.a(x, (o, 1, ..., 4q]) = Lo + vJy,a—1(0, [, ..., Uq)),
which implies Jyd- (9, [ul, ey lig—1]) <
Jya-1(0,[dn,. .., 04)) = # In view of (59),

Vy.a(®) = Vya(x)

S J’y,d72<f}7 [ah cee aadfl]) + ’Yd_lv'y,l((ﬁd) + 77(67 v, d)

= Vya(z)

Voalz) — by - _ .
< DADZI G, ) 40" Vs (Ba) + e )
S _EO + (]‘ - ’Y)ny,d(l’) + ’y V'Yal(d)d) + 77’(67 ’Y) d) . (60)

v

From item (ii) of Assumption 1 and following the steps in the
proof of Theorem 1 to obtain (30), we have

W (0)-W(x) < %(—Ozw(d(m))-l—l%-l—(l—v)W(x)). (61)

Summing equations (60) and (61), we have

Va(0) = V(@)
_ —ow(o(@) + (1= NV:a(@) +97V31(Ba) + y1(e, 7, d)

~
(62)

Recall that Y, 4(z) < ay(o(z)) + n(e,
distinguish two cases. First, consider ay(
v.d

From (53), ay ( ’yd( x)) = aw o Qy L&

v,d). Again, we
) = (€ 7, d).
w(o(2)),

. positive since § > 0 and® I —

thus —aw (o(z)) < —&'y(fﬁ,’d(w)). On the other hand, from (i)
from Assumption 1 and (57), V; 1(¢a) < @y (0(¢q)) <@y o
04(Yy,a(x)). Moreover, y1(e,v,d) < % since n(e,v,d) <

7 p. Altogether, in view of (62),

7&}/ + ?(7M577d)
0

holds with (s, i1, 7, d) := ((1 — 7)1+ y*ay o o4) (s)+ gu.
Second, when @y (o (x)) < n(e, 7y, d), it follows that }A/.yyd(x) <
2n(e,7v,d) in view of f/ a(x) < ay(o(z)) + nley,d).
From item (i) of Assumptlon 1 and (57), V, (o (¢q)) <
@y o oq(Y, 4(z)). Since Y7 a(z) < 277(6 v,d) < p, it follows
from (58) that V, 1 (o (¢q)) <@y o aW (). In view of (62)
and —aw(o(z)) < 0, we derive Yﬁ,d( ) < 2n(e,7y,d) +

d— -1 o~
(1—y)2n(e,7,d)+y avoay, (k)+yn(ey,d) _that is Y%d(@) < (H—%)

Yaa(0) = Yy a(w) <

(V@) (©3)

gn(e7,d)

vy
LA 47 ay 0 agy (). Therefore,

Y’y d( ) < V(/Ja'yad)

holds with v(,v,d) := (1 + 1)p+ '@y o ay (1). Note
that v(-,v,d) is class Ko, and both v(u,-,d) and v(u,~,-)
can be made as small as desired by reducing .

Let§, A > 0and® A := 2ay (A), § := (I-Lay )~ Loaw ().
There exists (v*,d*) € (0,1) x Z>( such that for any (v, d) €
P+ .a+, there exists €* > 0 such that for any € € [0,€") the
following holds

(64)

Vs e AL Tismyd) < (1-3)av(s) (65)
V(/Uﬁ’)/vd) (H - 7OZY)(§) (66)
1—“iy)<v (67)
2n(e,7.d) _ . 68)
Y
with  v(u,7y,d) = Hw,u + v lay o ayi(p),
Flsprd) = ((L—I+yayoos) () + Lp and
- d
culs) = maxiawlo (=22)" (9,05 (0 ). The

satisfaction of (65)-(68) is not so easy to see, we therefore
prove it step by step. First, note that the right hand side of
(65) is bounded below by 2ay(5). On the left side, we have
Y(s,,7,d) < (1= y)A+ay 0 oa(D) + 4 = ¢(u,7,d).
By the same arguments given in the proof of Theorem
2, we have that ¥(p,v,d) — @y o ay (k) + £ as
(v,d) — (1,00), which in turn can be made as small
as desired by taking p small. Thus, like in the proof
of Theorem 2, there exist a triple (i*(s), Y65 2" 65))
such that for any (p,v,d) € [0,u"es) X Py

> 3) (65" (65)°
T(s,p,7v,d) < ¥(p,v,d) < 1ay(6) and thus (65)
holds. Regarding (66), note that its right hand side is

azy € K. We have that

+3 L1
v(p,vy,d) < 7,u+ozv 0 auyy; Y(u) =: ' (7, ). Since —2 is
decreasing in ~y, we have that v/’ is decreasing in v and can be

8 As seen in the proof of Theorem 2, [— &y € Koo implies -2 ¢ Koo,
thus § is well defined.



made as small as desired by taking g small. Thus in the same
vein as for 1) for (65), there exists a triple (14*s6), Y 66), " (66))
such that for any (u,v,d) € [0,u*cs)) X Py 664 66)°

v(p,y,d) < &' () < (I — Lay)(8) and thus (66) holds.
For (67), note that 1 — &y () < 1 for u > 0. Thus, for
each p > 0, there exist v* 67 € (0,1) such that for any
v € (v*@7), 1], (67) holds. For (68), since n(-,v,d) € Ko,
n(e, 7, d) can be made as small as desired by reducing ¢ in
function of (u,~,d). Furthermore, for any (u,~,d), there
exists €*gg) such that for any € € [0, €*s)), leyd) <)
In sum, we select (M*,’Y*,d*) S (O,min{u(65)7u(66)}) X
Prmax{v* (657" (667" (67} max{d*g5).d" )} and  for each
(v,d) € Py-q-, we take € € (0,€e*es)). In that way
(65)-(67) are satisfied. This choice of (y*,d*) is able
to verify the properties mentioned beforehand. That is,
inequalities (65)-(67) hold for pu* and for every € < €*(s)
chosen in function of (y,d) € P+ 4+, so is (68). u We
now follow similar lines as in the proof of Theorem 2 to
prove (20). When @y (a(z)) > n(e,v,d), (63) holds. In this
case, in view of (65), Y, 4(0) — Y, q4(z) < —7ay(Y%d( )
if ?'y,d e [, é], and if i}'y.,d(x) € [0,6), we derive’®
Y,a(0) < 8 — lay(®) < (@ — iay)(d). For
ay(o(z)) < n(ey,d), (64) holds. Hence, in view of
(66), Y, 4(0) < v(p,v,d) < (I — 1ay)(d). By the same
line of reasoning as in the proof of Theorem 2, we deduce
that there exist 3 € £, which is uniform in ~ and d, such
that any solution ¢ to (19) initialized at o(z) < A and any
ke Zzo,

Y, .a(d(k, x)) < max{B(Ys,q(x), k), (I — Lay)(5)}.

Finally, recall ay (0(x)) < V5,4(z) < @y (0())+n(e,7,d) <
2 max{@y (o(x)),n(e,7,d)} and 6 = (1— Lay) ™" o ay (4).
Then, since B € KL, we derive

o(3(k,2)) < max{ay" (B(2ay (0(2)).K)) .

(69)

o' (Ben(e,7.4).0)) 0% (70)

Let ¢ € [0, ¢*s)) be such that ;' (B(Qn(e* y d),O)) <,
we obtain

o(9(k,z)) < max{ay’ (B(2ay (o(@)), k) 6} (1)

Thus (20) holds with 3(s, k) = ay* (B(Qay(s), k)).

We now prove the last part of Theorem 4. We have already
noted the existence of a pair (v*,d*) such that inequalities
(65)-(67) hold for any v € (v*,1] and d € (d**7 or
Assume, without loss of generality, that ZWLM < u.
It follows that n(e, v, d) < n(e*es)), 7", d*), as i is assumed
here to be non-decreasing in v and d, and is of class K
in e. Since v* < 7, % < % Hence, 2224 <

Therefore, the remaining inequality (68) is verified for any

9This holds with the same reasoning as (37) in the proof of Theorem 2, with
the following rectification. In (37), we have utilized Y (-, v, d)—(1—7)I € Ko
to show that yI — ayy o&{,l + Y(-,7,d) € Kso. Here, it suffices to note
that T(, 1,7, d) — (1 — )I is non-decreasing, henceforth by following the
same steps as in (37) the mentioned bound is found.

o] for fixed p.

(e,7,d) € [0,¢
find is €*

<e€
hence a5 (

*) X Py= g+ and (70) holds. All that is left to
€*68) such that oy, (ﬂ(2( Y ,d*), )) < 4,
(2n(e,7,d), )) < J and the proof is complete.

K. Proof of Lemma 4

Lets € Rxg, v € (O,Al], d € Z~oU{oo}, §, A > 0 and recall
the definitions for Y, T and respective ay from the proofs
of Theorem 1 and Theorem 4. It follows that Y(s,v,d) =

@
(L=t o ot (Feesitymmed=) ) < (1 -
) d— —1 (1— awo(av+aw) OE (d)
7)s+yov ooy, 5 (s). On the other

]I—awo(av—i-aw)’lo% ) (@) <

hand, for any ;2 > 0, we have that ( 5

—awo(a o T oz (d)
max{(H wo@y +aw) £> ,M}.Therefore Y(s,7,d) <

¥
T(s, w7y, d) — “72 < ?(s, i, 7y, d). On the other hand, we have
~ ——1% ~ ——1_1

ay = awoday  in Theorem 1 and ay = aw oy~ o5. Clearly,
when (65) holds for pair (9, A) for all (u,7,d) € [0, %) x

(v*,1] x (d*, 00], it follows that Y(s,v,d) < Y(s,u,7,d,) <
(1-2)awoay' ol < (1—2)awoay'(s), thus equation
(34) holds for all (fy,d) (v*,1] x (d*, 00] and the proof is
complete.

L. Proof of Lemma 4

The proof immediately follows from Assumption 3 and
item (i) of Theorem 3, which holds from Assumption I.
In particular V7 a(z) — nle,v,d) < Vya(@) < Vyoo(z) <
Vaa() +7"0,a(x) < Vi a(@) + 700y a(@).

VIII. CONCLUSION

We have analyzed the stability of nonlinear discrete-time
systems controlled by a sequence of inputs that minimizes
a discounted finite-horizon cost and is implemented in a
receding-horizon fashion. In general, uniform semiglobal
practical stability is ensured under suitable stabilizability and de-
tectability conditions. Under additional assumptions, semiglobal
asymptotic stability and uniform global exponential stability
properties are guaranteed. The Lyapunov function used to prove
stability is shown to be continuous under extra assumptions,
hence endowing stability with some nominal robustness. We
compared our results with previous works of the literature
on undiscounted finite-horizon and discounted infinite-horizon
optimal control, respectively. We have identified conditions
under which the bounds we provide on discount factor and
on horizon length are less conservative than those in [20]
and [8]. Furthermore, we provide new relationships between
the optimal value functions of the discounted, undiscounted,
infinite-horizon, finite-horizon costs, which differ from those
typically found in the (approximate) dynamic programming
literature. Finally, we have analyzed stability when the available
inputs are only near-optimal, for which an illustrative example
was provided.



IX. APPENDIX

The next Lyapunov properties are used in the proof of
Theorem 1.

Theorem 5: Suppose Assumption 1 is verified. Functions
ay,Qy,ay € K from Theorem 1 are such that, for any v €
(0, 1], d € Zso, k € {O, .. .,d}, and Y%d,k = Vyd—k + w
is such that the following holds.

(1) For any = € R"™,

ay(o(z)) < Yya-k(z) <ay(o(z)). (72)
(ii) For any x € R",
Yy d— e+ 1) (Prg1) — Yy,a—n (%)

1 N N (73)

< (= ar(e6D) + (1 =) Van(h).
where ¢; ., € F7 ; ,.(¢)) and ¢f = z. a
Proof of Theorem 5: Let v € (0,1], d € Z~g, k €
{0,...,d}, @ € R™. There exists [uf,uj,...,uy] = u} ,(2)

where u:; 4(x) is an optimal input sequence for system (1)
with cost (2) according to SA.

Define ¢5 = £(¢§,us) and let w’ be the sequence of
length d such that u* ,(z) = [uf,u']. From the defini-

~,d
tion of V, 4 in (3) and cost (2), V, 4(z) = Jyo(z,ul) +

vy a—1(f(z,ug), u’) = €5 + vJy,a-1(47,u’) By definition
of V, a(x) and w', V, 4_1(¢7) = Jy,a—1(f(z,u§), u’). Hence,
Vya(x) = L5+~V, a—1(07). Let £ = €(¢}, u}). Remark that,
when k < d and by iteration,

V’y,d—k(qblt)

= "/70(¢Z’u2)

+ Yy a— et 1) (f (D wi), U5 g o1y (f (DR, i)

=0+ Uhin Ty a— 41y (Prag, w)

=l + ’vay,d—(k+1)(¢2+1)~
Notice that for £ = d, V, o(¢}) = £ since J,o(z,u) =

¢(x,u). Since stage cost ¢ is nonnegative and item (i) of
Assumption 1 holds for any d, it follows from (74)

G < Vya-i(9) < av(a(dr))-
Furthermore, using Bellman equation,
Vi d— (k1) (Pht1) — Vaa—i(9F)

S V'y,d—(k—l-l)(qb;::‘kl) - Ez - ’YV'y,d—(k—O—l) (¢Z+1)
<+ A=V a1y (D)

It follows from (74) that V, 4 (k1) (9% 11) = 5 (Va,a-r(e}) —
27), hence

Vi d— k1) (Drg1) — Vaya—i(9r)
1
< ;( — b+ A=)V a-k(or))-

(74)

(75)

(76)

(77)

On the other hand, in view of item (ii) of Assumption 1,
W (67, u1)) — W(67) < —aw (0(67)) + U@f,uf). Since
Gr1 = f(@F,up) and & = U@y, up), W(ds ) — W(gr) <
—aw (o(¢r)) + £;. Furthermore, since vy < 1, ’yW(qSZH) —

W(¢;) < —aw(o( 2)2 + K*,*hence W(d5q) — Wi(oy) —
1_T”*I/V(QSZ) < —M + % as in (30). Therefore,

W(djq1) — W(op)
1
< (- ow(e @)+ + (- W)
We define Y, . :=V,, , + W. In view of (77) and (78),
Y%d—(k+1)(¢;§+1) - Y’y,d—k(éﬁ;';)

1 * * * *

< (= 6+ =DV k(60) — aw(o(6]) + 41
+ (1= )W (6h))

1 * *
=~ (= aw(o(0p) + (1 = NYV5a-r(61))-

Y
Thus item (ii) is verified with oy = aw € K.

On the other hand, item (i) of Theorem 5 follows by noting

that item (i) of Theorem 1 holds for any x € R", d € Z+
and v € (0,1]. [

(78)

(79)
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